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The intent of this work is to show that there is an interesting and unexpected 
theory of coloring. As the word geometric in the title implies, our motivation is 
primarily geometric. Consequently, the number of colors we use is not arbitrary, 
but is determined by the object we are trying to color. Unlike previous works on 
coloring, ours is not overly concerned about the existence of colorings. 
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Throughout this work, there are two fundamental notions: coloring, and a 
relation between colorings called Kempe equivalence. We try to answer the 
following questions: 
(1) What are the properties of a single coloring? 
(2) When are two colorings Kempe equivalent I 
(3) How does the topology of the space on which a coloring is defined 
affect the properties of that coloring ? 
(4) What happens “in the limit,” or on “arbitrarily fine triangulations” ? 
(5) What are the properties of the collection of all the colorings of a space ? 
No previous knowledge of coloring is needed to read this work. The only 
prerequisite is knowledge of the rudiments of algebraic topology, including 
homotopy, subdivision, simplicial maps, and degrees. 
This work will be published in three parts. The first part contains Chapters I, 
II, and III. Chapter I is basic to the rest of the work. It contains results about 
triangulations of the two-sphere which guides us in our generalizations of the 
later chapters. In Chapter II we introduce the notion of even subdivision and 
are able to solve some of the problems raised in Chapter I up to even subdivision. 
For instance, we show that every triangulation of the two-sphere has an even 
subdivision with a four-coloring. Chapter III studies global properties of 
coloring, and asks: how many colorings does a fixed triangulation have ? A 
corollary to the main result is that the number of colorings of-every even triangu- 
lation is divisible by 4 (or 96, depending on how you count colorings). 
The second part is entitled “Variations on Coloring: Surfaces and Higher 
Dimensional Manifolds” and contains Chapters IV, V, and VI. Chapter IV 
begins the study of coloring on non-simply connected surfaces. We introduce 
the notion of local coloring to tie together the various kinds of coloring that can 
be defined. Chapter V studies Kempe structure on the torus, and contains 
results showing when all colorings of an even triangulation are Kempe equi- 
valent. 
Chapter VI investigates the colorings of n-dimensional manifolds. Every 
manifold has a subcomplex called the odd part which in some sense contains the 
“obstruction” to coloring. We show that under certain topological restrictions on 
the odd part, an n-manifold has a coloring after subdivision. This raises the 
conjecture: If the odd part of a simply connected manifold is a connected sub- 
manifold, then there is a coloring. 
The third part is entitled “Cobordism and Functoriality of Colorings,” and 
contains Chapters VII and VIII. Chapter VII introduces homotopy and cobor- 
dism relations between local colorings. In the case of one and two dimensions, 
we are able to compute these groups. In one dimension, there are cobordism 
groutis for each integer n, and they are periodic of period 6. 
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In the last chapter we leave manifolds entirely and consider colorings of 
arbitrary complexes. We show that there is a functor which assigns another 
complex B(S) to a given complex 5’ such that B(S) is built out of the colorings 
of 5’. This functor has some surprising properties, including naturality, self- 
adjointness, carrying sums to products, and products to sums. The category on 
which this functor is defined admits a natural definition of fibration, and we 
briefly study properties of the universal fibration. Perhaps the most striking fact 
about the functor B is that if X is a circle with n vertices, then B(B(X)) = X. 
Notes. The results are numbered consecutively throughout the work, as are 
the figures. We refer to Section 3 of Chapter II as Section 11.3. The end of a 
proof is marked by 1. At the end of each chapter there is a section consisting of 
problems, roughly ordered in order of difficulty. A superscript circle (e.g., 
Problem 7”) indicates an unsolved problem. The unsolved problems range from 
probably easy to ridiculously difficult. “Tutte(1947)” refers to the article by 
Tutte written in 1947 and listed in the bibliography. At the end of each reference 
in the bibliography we indicate the chapter(s) where the reference is cited. 
The preparation of this work was truely a global affair. Most of the preliminary 
research was done in Cambridge. Chapter III was conceived of in Berkeley, 
worked on in the Grand Canyon, and put together in Pennsylvania. The final 
form of III was done in Iran. Most of the results on even subdivision were con- 
ceived of in India, and first written up in Ubud (Bali). The organization of the 
work was done in Sibu (Sarawak) and Lake Toba (Sumatra). The section on 
coloring fibrations was written in Kyoto. The actualy typing took place in 
Palmerton and Lexington. 
I 
I. 1. Kempe Equivalence 
We suppose throughout this section that G is a triangulation of the two-sphere. 
A four-coloring is an assignment of one of four colors to each vertex, so that 
adjacent vertices are assigned different colors. This is the usual definition; for our 
purposes, however, we view colorings in a different, more geometric way. 
Consider &13, the boundary of the tetrahedron. As a triangulation of the sphere, 
it has four vertices. A simplicial mapf: G -+ &13 is called a four-coloring if every 
triangle of G is mapped onto a triangle of aA3. We consider two four-colorings f  
and g to be the same if they differ by a permutation of colors. That is, there is a 
permutation r of the verticles of 8A3 such that f  = rrg. 
The relation between four-colorings called Kempe equivalence arises from 
trying to create a new coloring from an old one. Suppose that D is a region of G 
(that is, a union of triangles of G), and that a four-coloring f  of G uses only two 
colors on the boundary of D. Define a new coloring g of G to be equal to f on 
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G - D, and equal to j on D, where ?r is the permutation of colors which 
interchanges the two colors not on the boundary of D. We then say that f is 
Kempe related to g. We also say that f is obtained by changing g along D (OY 80). 
Such a region D is called a Kempe region off, and the boundary of D is called a 
Kempe cycle. Note that the coloring is not changed on 8D itself. 
The Kempe relation is symmetric, and if we extend the relation to an equi- 
valence relation, we get the notion of Kempe equivalence. The general question 
concerning Kempe equivalence that we study here is: Given a triangulation G, 
how many Kempe equivalence classes of colorings of G are there ? 
EXAMPLE. Figure 1 gives an example of a triangulation with exactly one 
Kempe equivalence class. This triangulation is the octahedron, and has four 
four-colorings, one of which is a three-coloring. That is, one coloring uses only 
three colors. The other three four-colorings are all Kempe related to the three- 
coloring. 
FIG. 1. The octahedron, 
EXAMPLE. Figure 2 is an example of a triangulation with exactly two Kempe 
equivalence classes. The coloring in Fig. 2 has no Kempe cycles, while the 
coloring in Fig. 3 has exactly one. This triangulation has altogether three four- 
colorings. 
2 4 
I 4 1 2 
FIGS. 2 and 3. Two-colorings which are not in the same Kempe equivalence class. 
The octahedron belongs to a class of triangulations that always has just one 
Kempe component. The difference between the two above triangulations is that 
the second triangulation has several vertices which are contained in an odd 
number of triangles. Let us call the degree of a vertex the number of triangles 
containing it. We write p(p, G) or simply p(p) for the degree of p in G. 
‘+/24/3-7 
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A vertex is called even or odd if the degree is even or odd, respectively. A 
triangulation is called even if every vertex is even. The octahedron is even; the 
triangulation of Fig. 2 is not. 
THEOREM 1. If G z’s an even triangulation of the sphere, then there is exactly 
one Kempe equivalence class. 
The proof of this theorem is not only illustrative of the techniques we use, but 
also the concepts we need for the proof are fundamental in the sequel. We need 
two lemmas and several definitions before we can get to the proof. 
Let f be a coloring of G, and e an edge of G. By the color of the edge e, we mean 
the set of the two colors of its end points. Two triangles contain the edge e. If 
these two triangles map onto the same triangle under f, we say that e is singular 
under f. Geometrically, there two triangles are folded across e. If there is no 
folding, then we say that e is nonsingular. For example, in the coloring in Fig. 2, 
all edges with colors 1 and 3 are nonsingular. Let S(f) and NS(f) denote the set 
of all singular and nonsingular edges off, respectively. 
In order to understand the structure of NS(f) and S(f), we need to study the 
analogous case in one dimension. Let P(n) be the circle with n vertices. We are 
interested in using three colors to color the circle. A three-coloring f  of P(n) 
is a simplicial mapfi P(n) + P(3), such that every edge is mapped onto an edge. 
We sometimes write &la for P(3). A vertex p of P(n) is nonsingular under f  if the 
two vertices adjacent to p are colored differently by f .  If they are colored the 
same, then p is singular under f .  We use the notations S(f) and NS(f) for the 
singular and nonsingular vertices, respectively. The map f  is a map from a circle 
to a circle so it has a “winding number” or degree, written deg(f ). deg(f), 
modulo 2, is the number of edges of P(n) which map to any given edge of P(3). 
LEMMA 2. Let f:  P(n) + P(3) be a three-coloring. The following numbers are 
congruent module 2: 
(4 % 
(b) deg(f ), 
(c) the number of nonsingular vertices, 
(d) the number of nonsingular vertices of a given color. 
Proof. Three times deg(f) is the total number of edges, module 2. This is 
(a) = (b). Let c be a color (a vertex of P(3)), and e be an edge containing it. 
H = f-l(e) is deg(f ), modulo 2. Each vertex of f-l(c) n NS(f) contributes one 
edge to H, while each vertex off -l(c) n S(f) contributes 0 or 2. This is (b) = (d). 
Since there are three colors, (c) = (d). 1 
Returning to the two-dimensional case, let G be a triangulation of the sphere. 
Let O(G) denote the set of all odd vertices of G. If we think of NS(f) as a l-chain, 
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then the 2, boundary aNS(f) of NS(f) consists of all vertices of G which lie in 
an odd number of nonsingular edges. We observe that 
Iff is a cobing of G, then aNS(f) = O(G). 
Proof. We reduce this to Lemma 2. The link of p in G, written Ink(p, G), 
consists of all the vertices adjacent to p, and all edges which lie in a triangle 
containing p, but do not contain p themselves. The number of edges (and 
vertices) of lnk(p, G) is p(p, G). lnk(p, G) is a circle, and a four-coloring f of G 
induces a three-coloring f’ of Ink(p, G). If e is an edge containing p with other 
end point q, then e is nonsingular underf if and only if q is nonsingular underf’. 
We can now apply the equality (a) = (c) of Lemma 2 to conclude that 
aNS(f) = O(G). 
Proof of the thmre?rl. If a coloring f of G is obtained by changing a coloring g 
along D, then as 2s cycles we have the relation: 
NS(f) + NS(g) = i3D. 
In words, if an edge is not on the boundary of D, then it stays singular or non- 
singular. However, if it is on the boundary, then it changes from one to the other. 
This is easy to see. 
Now, suppose that G is an even triangulation. It is well known (Ore, 1967) 
and we show in Section 4, that G has a unique three-coloring, which we denote h. 
Clearly, BNS(h) = O. Given any four-coloring f we show how to find a g, 
Kempe related tof, with fewer nonsingular edges than f. This will prove that G 
has exactly one Kempe equivalence class. 
Let e be a nonsingular edge off. Let T be the set of all nonsingular edges the 
same color as e. By parts (a) and (d) of L emma 2, for all vertices q of G, q lies in 
an even number of edges of T. Thus we can find a simple closed curve in T, 
and it necessarily uses only two colors. This curve bounds some region D (we 
are on the sphere), and we get g by changing f along D. Since NS( f) + NS(g) = 
80, g has fewer nonsingular edges than does f. 1 
1.2. The Parity of a Coloring 
In the last section we saw that a triangulation might have more than one 
Kempe equivalence class. In this section we study an integer-valued function 
defined on colorings whose parity is constant over all colorings of a fixed Kempe 
equivalence class. This function sometimes allows us to know immediately that 
two colorings are in different Kempe equivalence classes. Further properties of 
this function are established in the next section. 
If G is a closed surface, andf: G + aAs is a four-coloring, then f is a map from 
a surface to a sphere. From algebraic topology there is an integer, deg(f), 
determined up to sign by f. To compute it, we must choose orientations for G 
and ad*. Let T be any triangle of ad*, and let p (respectively, n) be the number 
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of triangles of G mapping to T which have their orientation preserved (res- 
pectively, reversed) by f. Then deg(f) equals p - n. 
I f  all we require is the degree offmodulo 2, we can calculate it using a formula 
essentially due to Tutte (1969). The degree offmodulo 2 is called the parity off. 
LEMMA 3 (Tutte). deg(f) = &Zf=G p(x), (mod 2) JOY any vertex c of &13. 
Proof. We observe that mod 2, deg(f) is just the number of triangles 
mapping to a fixed triangle of aA 3. If  the three triangles of aA3 around c are 
A, B, C, then the number of triangles mapping to A or B or C is just the number 
of triangles which have a vertex colored c. Thus, deg(f) 3 3 deg(f) = 
A + B + c r= L(r)=e P(X). I 
An immediate consequence of Tutte’s lemma is that the parity of a coloring 
is a Kempe invariant. Indeed, if f  and g are Kempe related, apply the lemma to 
one of the colors c left unchanged by the Kempe change. 
The two colorings f  and g of the triangulation given in Figs. 2 and 3 have 
different parity. In this case, the parity function distinguishes between the two 
Kempe equivalence classes. On the other hand, Fig. 4 is an example of a 
triangulation with exactly two colorings, not in the same Kempe equivalence 
class, yet both with the same degree, 0. 
In the case that G is an even triangulation, Tutte’s lemma shows that the 
parity of any coloring is even. In the case where G has exactly two odd vertices, 
applying the lemma to one of the colors which does not occur on the odd vertices 
shows that all colorings have even parity. When there are four odd vertices, we 
have just seen that there can be colorings of either parity. We strengthen these 
results in the next section. 
While the parity is a useful first step toward determining the Kempe structure 
of a triangulation, we clearly need a finer invariant. Kempe structure is simplest 
for even triangulations. The more odd vertices there are, the more complicated 
the Kempe structure can be. If  we combine the information of how the odd 
vertices are situated in the triangulation with the parity function, we get finer 
invariants. Let OD(G) be the graph whose vertices are the odd vertices of G, 
and whose edges are induced by G. For example, if G is the triangulation of 
Fig. 2, then OD(G) is a square with four vertices and four edges. 
If  G is a triangulation, every coloring of G induces a four-coloring on OD(G). 
From Tutte’s lemma, this four-coloring of OD(G) has the property that every 
color appears with the same parity. Sometimes we can apply this observation to 
find colorings. Suppose that OD(G) is a square. Figures 5A and 5B give the two 
possible ways of four-coloring a square so that the above condition is satisfied. 
Applying this to Fig. 2 immediately gives all the colorings. 
Suppose that we have a G with OD(G) given in Fig. 5C. There is only one 
possible coloring of OD(G) which satisfies Tutte’s condition, so we conclude 
that all colorings have odd degree. 
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FIG. 4. Two-colorings of the same parity and not Kempe equivalent. 
r! B C D E 
FIG. 5. The possible four-colorings of various OD( G)‘s. 
Finally, we give an example where the knowledge of the odd structure OD(G) 
gives more information than the parity. Figures 5D and 5E give the two possible 
four-colorings satisfying Tutte’s condition of OD(G), where G is the triangula- 
tion of Fig. 4. Both colorings, have even parity. However, if f is a coloring of G 
whose restriction to OD(G) is-given by Fig. 5D, and if g is obtained from f by 
changing along some Kempe cycle, theng also-determines the coloring of OD(G) 
given in Fig. 5D. #This is clear, for f and g must share two colors, while Figs. 5D 
and 5E differ in three colors. Thus, these colorings on OD(G) can distinguish 
Kempe equivalence classes, but parity cannot. 
1.3. Various Constructions 
In this section we present various topologically motivated constructions that 
we use later. Before proceeding, it is helpful to take a brief look at what we are 
doing from a categorical point of view. The objects we consider are not just 
triangulations but the wider collection of two-complexes: the pure two-com- 
plexes. These are the two-complexes such that every edge lies in some triangle 
(two-simplex). The morphisms are the nondegenerate maps: simplical maps which 
map every triangle onto a triangle. 
In this category, the sum is clearly disjoint union. Our first construction is 
the product. Let X and Y be pure two-complexes. The vertices of X x Y 
consist of all pairs (x, y), for x and Jo vertices of X and Y, respectively. All edges 
of X x Y lie in triangles, and the triangles are determined as follows. A triple 
of vertices (x, y), (u, w), (w, z) forms a triangle if and only if both projections 
form triangles: x, u, w are ‘the vertices of a triangle of X, and y, w, z are vertices 
of one of Y. 
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For example, Fig. 6 gives the product of A2 and &P. A2 x aA has all vertices 
of degree 6, and is a triangulation of the torus. 
23 
II 22 01 12 21 02 II 
FIG. 6. The triangulation de x aA3 of the torus. The vertices of A* are 1, 2, 0. 
Vertices of i+A3 are 1, 2, 3, 4. 
Our next construction is the minimal even cover of a triangulation. A map from 
one triangulation to another is nonsingular if every pair of adjacent triangles maps 
onto a pair of adjacent triangles. Given a connected triangulation G, G is a 
minimal even cover of G if 
(1) G is connected, even, and maps to A2. 
(2) G has a nonsingular map to G. 
(3) Any other H with properties (1) and (2) maps nonsingularly to G. 
We show that every triangulation has a minimal even cover. By property (3), 
it will be unique. A good candidate for G is G x 42, except that G x A2 may 
not be a triangulation. If  p is a vertex of G, and 4 one of d2, then the link of 
( p, q) in G x A2 is two circles of size p( p, G) if p is even, and one circle of size 
2p(p, G) if p is odd. If  for each even vertex p of G and each vertex 4 of A2 we 
introduce a new vertex, obtained by “separating” the two circles, then we obtain 
a triangulation which satisfies (1) and (2) except that it may not be connected. 
Taking a connected component gives us a cover which must be minimal. 
EXAMPLE. 1. G has a three-coloring. In this case, G = G. 
2. G is a sphere with exactly two odd vertices. An alternative construction 
for G is as follows. Let the two odd vertices be p and Q. Take two copies of G and 
cut each from p to q in the same manner. G is the result of joining the two 
copies along the cut, preserving orientation. Notice that G is a sphere. 
In the next chapter we show that G and G are both spheres if and only if O(G) 
has at most two vertices. 
We now use the product and minimal even cover to prove a theorem about the 
degree. 
THEOREM 4. If  G is a triangulation of the sphere with at most two odd vertices 
and f is a four-coloring of G, then the degree off is 0. 
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Proof. We already know that the degree is even; this result shows it to be 
very even, namely, 0. We first assume that G has a three-coloring, h. Combining 
the two maps f and h gives a map h x f: G + A2 x aAs. We now require a fact 
from topology: Every map from a sphere to a torus has degree 0. Let g be the 
projection onto the second factor of AS x aA*. We have the following diagram: 
fl\ t 
aA3 7 Aa x aA3 
By commutivity, deg(f) = deg(h x f)deg(g). The degree of g is 6, and the 
degree of h x f is 0, so deg( f) = 0. 
Now suppose G has two odd vertices. G is a sphere and maps to G by a map k. 
The degree of k is 2, and by the above paragraph, deg(f o k) = 0. Consequently, 
0 = deg(f 0 k) = deg(f) deg(k) = 2 deg(f). 1 
We end this section with the construction of the join. If P(n) is a circle with n 
vertices, and 4 is another vertex, then P(n) * q is a disk, called the join of P(n) 
and Q, and consists of 4 joined to all vertices of P(n). So is the zero-dimensional 
sphere, and consists of two vertices. P(n) * So is a two-sphere, and consists of 
two copies of P(n) * 4 joined along P(n). If .n is even, P(n) + So is an even 
triangulation. If n is odd, P(n) * So has exactly two odd vertices. 
1.4. The Even Obstruction Map 
We have seen in Sections I.1 and I.2 two properties of even triangulations of 
the sphere: (1) all four-colorings are Kempe equivalent and (2) all four-colorings 
have degree 0. These properties are not true for arbitrary triangulations of the 
sphere. In this section we study a measure of the difference between even and 
arbitrary triangulations. 
We first extend some definitions to surfaces with boundaries. If G is a triangu- 
lation (with perhaps nonempty boundary), we say that G is evex if every 
interior vertex has even degree. O(G) consists of all the odd interior vertices. 
If the triangulation G has a three-coloring, then it is even. The converse is 
not true. An example is given in Fig. 7B. We see later in this section that the 
converse is true if the underlying topological space is simple connected. 
If G has a three-coloring there is a partition of the set of vertices of G into 
three sets so that every triangle contains exactly one element from each of these 
sets. If X is a set of vertices of an arbitrary triangulation K, we say X is a global 
color if every triangle of K contains exactly one vertex of X. A triangulation 
with a three-coloring determines three global colors. Clearly there can be at most 
three global colors. There cannot be exactly two global colors, for the vertices 
not in either global color form a global color. P(2n + 1) * So is a triangulation 
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A B 
FIG. 7. (A) P(5) * So; (B) an even triangulation of the torus. 
with exactly one global color. Here, the global color is the pair of vertices of So. 
Figure 2 has no global color at all. A simple observation is that if K has a global 
color, then every interior vertex not in the global color has even degree. 
We now define the even obstruction map. If  X is a topological space, ni(X) 
denotes the fundamental group of X. If  G is a triangulation, G - O(G) is the 
(open) triangulation formed by removing all the odd interior vertices. Evety 
interior vertex of G - O(G) is even, so the link of each vertex is two-colorable. 
From Steenrod (1951), there is a map 4: rl(G - O(G)) + S(3), where S(3) is the 
symmetric group on three letters. In Steenrod, the map 1,4 is called the character- 
istic map of the bundle, but we call it the even obstruction map. 
We give an intuitive, nonrigorous discription of 4. Fix a triangle T of G, and 
consider all paths of triangles based at T. Along each path of triangles, we can 
three-color each triangle so that its color agrees with the triangle before it 
(nearer to T). I f  two paths of triangles from T to a triangle T’ are homotopic in 
G - O(G) then the three-colorings on T’ are the same if they are the same on T. 
This is not obvious. Now suppose that we have a path of triangles which returns 
to T. If  we begin with the vertices of T colored 1,2,3, we get some permutation 
of 3, 2, 3 when we return to T after extending the coloring along the path. This 
permutation is dependent only on the homotopy class of the path and the initial 
coloring of T. Fixing a coloring of T, we get a map 4: n,(G - O(G)) --j S(3). 
I f  we change the base coloring on T, we get a map #‘. Letting o be the permuta- 
tion which carries the first coloring of T to the second one, we have 4 = a#a-l. 
We say that 6 and 4’ are conjugate, and that $ is well de$ned up to conjugacy. 
EXAMPLES. I. G is three-colorable if and only if the image of q5 is the identity. 
This is clear for however we extend the three-coloring from T there will never 
be a contradiction. The converse is obvious. 
2. An even sphere is three-colorable. This follows from Example 1. 
3. G has a global color if and only ;f  the image of I) has at most two elements. 
Indeed, if the image of 4 has order 2, then some one of the three vertices of the 
base triangle is never permuted. Its extension along all paths gives a global 
color. Conversely, if there is a global color, its member in T will never be 
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permuted, so the only possible permutations are the identity and transpositions. 
Therefore, the image of $I has at most two elements. 
4. A triangulation of the sphere with exactly two odd vertices has a global 
color. If G is such a triangulation, G - O(G) has the homotopy type of a circle. 
Its fundamental group is a free group on one generator. A representative path of 
triangles for this generator may be taken to be the path around one of the odd 
vertices. Computing # on this path gives a transposition, so the image of 4 
consists of exactly two elements. The result now follows from Example 3. 
5. An even triangulation without a global color. If G is the triangulation of 
the torus given in Fig. 7B, the image of I/J has three elements. rr(G) is a free 
group on two generators. One generator goes across, and the other goes down. 
Computed across, # is the identity, but computed down, # is a cycle of degree 3. 
Let us denote the number of elements in the image of # by # Im(y%). Let G be 
the minimal even cover of G, with a nonsingular map h: (? + G. 
6. The degree of h is # Im(#). Let us fix a triangle T of G, and consider 
the set W of triangles which map down to T from G. Each triangle of W has a 
three-coloring, and by projection induces one on T. Any two distinct triangles 
of IV induce different colorings on T. Clearly, the colorings induced on T are 
just the different colorings of T we can get by extending a three-coloring along 
a path in G. Thus, the number of elements in the image of 4 equals the number of 
triangles lying over T. This is the degree of h, since h is nonsingular. 
1.5. Locally-n Tkngulations 
In previous sections we studied triangulations which had the degree of every 
vertex divisible by 2. In this section we enlarge our viewpoint to consider triangu- 
lations which have the degree of every interior vertex divisible by an integer n. 
Such triangulations are called locally-n. The key to understanding even triangu- 
lations (locally-2) was the existence of (or obstruction to) a map to dr. For each 
n there is a triangulation which plays the role of 42 and is denoted R(n). R(2) is 
da; Z?(3) is &13; R(4) is the octahedron; R(5) is the icosahedron (Fig. SA). For 
n greater than 5, R(n) is the unique triangulation of the plane such that every 
A B 
FIG. 8. (A) The icosahedron; (B) a locally 3-triangulation of the torus with nine 
vertices. 
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vertex has degree rz. In general, R(n) is the unique triangulation of a simply 
connected surface such that every vertex has degree n. 
The R(n), for tl less than 6, are the boundaries of regular polyhedra. R(6) can 
be seen as the tesselation of the plane by equilateral triangles. For n greater 
than 6, one can realize R(n) as metrically regular (all the triangles are the same 
size and shape), but one must do it in hyperbolic space (Coxeter, 1957). 
Just as for even triangulations, there is a way of measuring the failure of a 
locally-n triangulation to map to R(n). Let AUT’(n) be the group of all simplicial 
automorphisms of R(n): the symmetry group of R(n). Let AUT(n) be the group 
of all orientation-preserving automorphisms. In the same way as in the previous 
section, if K is locally-n, there is a map #: rrl(K) + AUT’(n). I f  K is also 
oriented, then we have #: r,(K) + AUT(n). As before, $ is only defined up to 
conjugacy. 
In the same way that a simply connected even triangulation had a map to R(2), 
we see that a simply connected locally-n triangulation has a map to R(n). This 
map has the further property of being nonsingular: Every pair of adjacent 
triangles maps onto a pair of adjacent triangles. 
EXAMPLE. Let G be a locally-3 triangulation of the sphere. Since the sphere 
is simply connected, there is a map from G to R(3). Since R(3) is the boundary 
of the tetrahedron, this map is a four-coloring. It has the property that every edge 
is nonsingular. The converse is also true: if G has a four-coloring with all edges 
nonsingular, then G is locally-3. 
From the existence of a map from a simply connected locally-n triangulation 
to R(n), we can deduce some facts about the number of vertices of G. 
PROPOSITION 5. (Kotzig, 1965; Grunbaum, 1967; Motzkin, 1964). Suppose 
that G is a locally-n triangulation of the sphere, and let G have k vertices. Then 
Ifn=3, k = 0 (modulo 2). 
Ifn =4, k = 2 (modulo 4). 
Ifn=5, k = 2 (modulo 10). 
Proof. Suppose that we have a nonsingular map f from G to R(n). Every 
triangle of G maps to R(n) with the same orientation, so the number of triangles 
of G is deg(f) times the number of triangles of R(n). From Euler’s formula, 
if G has k vertices, it has 2k-4 triangles. Combining this with the fact that R(3) 
has 4 triangles, R(4) has 8 triangles, and R(5) has 20 concludes the proof. i 
I f  we remove the restriction that G is a sphere, the conclusion is false. 
Figure 8B gives a locally-3 torus with 9 vertices. A2 x &13, is an example with 
12 vertices. 
There are three important R(n) that we encounter quite often: R(2), R(3), and 
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R(6). We discuss R(6) briefly. Since R(6) is locally-2, locally-3, and simply 
connected, it has maps to R(2) and R(3). Consequently, R(6) maps to da x W, 
which is easily seen to be a covering map. Thus, R(6) is the triangulation of the 
simply connected covering space of the torus induced by the triangulation 
LP x aLP. 
1.6. Problems 
Problem 1. If a triangulation has exactly two odd vertices, and they are 
adjacent, then it has no four-coloring. 
Probkm 2. Show that there is no triangulation of the sphere which has 
exactly two adjacent odd vertices and which has no other odd vertices. Note that 
Problem 1 and the four-color problem imply Problem 2. 
Problem 3. Find an even triangulation of the sphere that does not have two 
adjacent vertices of degree 4. 
Probkm 4. Give an example of a triangulation of the sphere which has a 
global color and more than one Kempe equivalence class. 
problnn 5. Show that the icosahedron has 10 distinct colorings, each of 
degree 3. The icosahedron is symmetric with respect to the origin. For a fixed 
four-coloring, show that each pair of distinct colors is the set of colors of exactly 
one pair of opposite vertices. 
Problem 6. Let G be a triangulation of some surface, and let f be a four- 
coloring of G. (1) Show that if G has a three-coloring, 6 divides the degree off. 
(2) Show that if G has a global color, 3 divides deg( f ). (3) Give examples for (1) 
and (2) where deg(f) isnonzero. 
Probkm 7. If G is a triangulation, show that G x da is a triangulation if and 
only if G has all odd vertices. 
Problem 8. If G is a triangulation, what is the Euler characteristic of G ? 
Problem 9. Let L be a locally-n triangulation of the sphere. Call a finite cycle 
of R’s and L’s a rule. Letting D and D’ be adjacent triangles of M, we show how 
to construct a path of triangles associated to the rule. The first two triangles are 
D and D’. If we have constructed s triangles, let the sth letter of the rule be W. 
The sth triangle is adjacent to two triangles other than the (s - 1)th triangle of 
the path. If W is R, the (s + 1)th triangle is the triangle to the right of the 
(s - 1)th triangle. Otherwise, take the one to the left. A rule is r-uniwtmal 
if for every locally-~ triangulation of the sphere, and every pair of initial triangles, 
the associated path forms a simple closed curve. 
Prove. A rule is r-universal if and only if the rule gives a simple closed curve 
on R(Y). The number of triangles in any path associated to a rule is divisible by 
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the number of triangles of the associated path in R(Y). Hint: Use the canonical 
map to R(Y) and lift. See Malkevitch (1970) for another approach. 
Problem 10. Let r < 6. A necessary condition for a set S = (si ,..., s,) to 
be the set of degrees of a locally-r triangulation of the sphere is that we may 
partition S into L = 12/(6 - Y) subsets T(1) ... T(L) such that the sum of the 
elements of T(i) equals (r/2) (1 + x((s/r) - 1)) where the last sum is over all 
s in S. 
Problem 11’. Show that if a triangulation of the sphere has exactly one 
four-coloring, then it has a vertex of degree 3. 
II. EVEN SUBDIVISION 
II. 1. Elementary Properties 
In the previous chapter we investigated properties of four-colorings of a 
fixed triangulation. In this chapter we study the topologically motivated question: 
what properties do four-colorings have if we are allowed to subdivide the 
triangulation. Using subdivision, we are able to give a fairly complete answer 
to the problem of determining when two four-colorings are Kempe equivalent. 
The property that we must have is that if G’ is a subdivision of G, andfis a 
four-coloring of G, thenfextends to a four-coloring of G’. Figure 9A shows that 
the usual (barycentric) subdivision will not work: The coloring does not extend 
to the new vertex. 
A B C D 
FIG. 9. (A) Barycentric subdivision; (B, C) even subdivision of singular (nonsingular) 
edge; (D) even subdivision of a triangle. 
There is a simple kind of subdivision that has this desired extension property. 
In Fig. 9C we give the even subdivision of an edge, and in Fig. 9D the even subdivi- 
sion of a triangle. The mappings indicated in these figures give nondegenerate 
maps from the subdivided piece to the original. Consequently, every coloring 
of a subdivision has a coloring that extends the coloring of the original. 
I f  we begin with a triangulation K and continue to evenly subdivide the edges 
and triangles, eventually obtaining G’, we say that G’ is an even subdivision of G. 
For example, Fig. 10A is an even subdivision of Fig. 4. In Figs. 9B and 9C we 
show explicitly how to extend colorings on subdivisions of edges. In cases where 
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FIG. 10. Kempe equivalence under even subdivision. 
the subdivided edge is singular, there are three different possible extensions, but 
we always choose the one given in Fig. 9B. This choice has the advantage of not 
introducing any new nonsingular edges. 
We make some elementary observations about even subdivision. 
1. The nonsingular part of a four-coloring is not changed under even 
subdivision. To make this clear, we must differentiate between a triangulation G 
and its realization / G 1. 1 G ] is a topological space; G is the combinatorial 
description of it. 1 NS(f)l is a subspace of the topological space 1 G I. For the 
extension of a four-coloring f of G to a four-coloring f’ on an even subdivision 
G’ of G, we have I NS(f )I = 1 NS(f ‘)I. In more detail, if an edge e of G is 
singular (respectively, nonsingular) under f, and e is not subdivided, then e is 
singular (respectively, nonsingular) under the extension f’ to some even sub- 
division. If a singular (respectively, nonsingular) edge is subdivided once, there 
arise three singular (respectively, nonsingular) edges in the even subdivision. No 
other nonsingular edges are introduced by even subdivision. 
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2. Iff’ is the extension off, then deg(f) = deg(f’). One checks that the 
degree is not changed by either of the two elementary subdivisions. 
3. Iffandg are Kempe equivalent in G, and iff’ and g’ are the extensions 
to an even subdivision G’, then f’ and g’ are Kempe equivalent in G’. One 
simply checks this on the two elementary even subdivisions. 
The converse to observation 3 is not true. The two colorings in Fig. 4 were 
seen not to be Kempe equivalent. Fig. 1OA is the extension of the coloring of 
Fig. 4A. Figure 1OA is Kempe equivalent to IOB, 10B to lOC, 1OC to IOD, and 
10D to 10E. In each case, the Kempe region that we use has its boundary 
darkened. Figure 10E is the extension of the four-coloring of Fig. 4B. One 
reason for this phenomenon is that there are colorings of G’ which are not 
induced by colorings of G. 
4. If  G has a global color, then any even subdivision of G also has a global 
color. This is immediate. 
5. There is a nice geometric interpretation of even subdivision. Think of 
G as the surface of a sphere, and let T be a triangle of G. Take an octahedron, 
and join one face of it to T. This is the even subdivision of a triangle. If  we take 
two adjacent faces of the octahedron, and join them to two adjacent faces of G, 
we get the even subdivision of the edge between the two faces. Perhaps even 
subdivision should also be called octahedral subdivision. 
11.2. The Reduction of a Coloring 
In this section we describe the results concerning the following problem. The 
proofs will be given in Section 11.3. 
Problem. Suppose we are given a four-coloring f of a triangulation G of the 
sphere. Is there an even subdivision G’ of G with some especially simple coloring 
Kempe equivalent to the extension off to G’ ? 
More precisely, we would like to put a given coloring into a canonical form 
using even subdivision so that two colorings are Kempe equivalent if and only 
if they have the same canonical form. Unfortunately we can not achieve such a 
complete classification, but we can reduce a coloring to a simpler form that may 
indeed be canonical. 
The key to our reduction is the notion of a triangulation which is “rigid” with 
respect to Kempe changes. More precisely, we say that a triangulation G of the 
sphere is akemplic if 
1. G is locally-3. 
2. I f  f is the four-coloring of G with all edges nonsingular, then f is 
Kempe equivalent to no other four-coloring. 
PROPOSITION 6. If G is akemplic, then the number of vertices of G is divisible 
by 4, and the nonsingular four-coloring has odd parity. 
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Before we can prove this, we need to recall a result of Vigneron (1959). Letf 
be a four-coloring of G, For any pair of colors (i, j), the number of colorings that 
one can obtain from f by changing along a Kempe cycle colored with i and j is 
equal to 2s(s.j) for some integer x(i, j). Let us call the sum of all the x(i, j) the 
total number of Kempe cycks off. 
THEOREM 7 (Vigneron). Let f be a four-coloring of a tr&ugdation G of the 
sphere. These two numbers have the same parity: 
1. the total number of Kempe cycles off, 
2. deg(f) + the number of vertices of G + 1. 
Proof. See Vigneron (1959) or Fisk (1973b). 
Proof of proposition 6. Since G is locally-3, we know that the number of 
vertices of G is even (Proposition 5). Since f  is not Kempe equivalent to any 
other coloring, the total number of Kempe cycles off is six. From Vigneron’s 
theorem, we see that deg(f) is odd. Since f is a nonsingular map, the number of 
triangles of G is 4 deg(f). F rom Euler’s formula, the number of triangles is also 
twice the number of vertices, minus 4. This implies that the number of vertices 
of G is divisible by 4. 1 
We subdivide G until there is a four-coloring g, Kempe equivalent to the 
extension of the original coloring, with this property: 1 NS(g)l = X u Y, 
where X and Y are disjoint; X is either empty, or has the topological type of the 
l-skeleton of an akemplic triangulation; Y is either empty, or has the topological 
type of disjoint copies of Fig. 11A. We call a graph whose topological type is that 
of Fig. 11A afiee pair. Since aNS(g) = O(G), the end points of a free pair are 
odd vertices of the triangulation. A free pair is the simplest way for odd vertices 
to exist in NS(g). 
0 f$zJ=A 
A B C 
FIG. 11. (A) A free pair; (B) graph with the same topological type as (C) the l-skeleton 
of the tetrahedron. 
l 
THEOREM 8 (Reduction of a Coloring). If f is a four-cokng of G, then there 
is an even subdivision G’ of G, and the extension off to G’ is Kempe equivalent to a 
four-coloriq f’ on G’ such that 1 NS(f ‘)I consists of at most one ahemplic triangda- 
tion and any number of free pairs. Moreover, f’ is the nonsingulm coloring of the 
ahemplic triangulation. 
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We prove this in the next section. It is an easy exercise to see that the parity 
off is odd if and only if f  is Kempe equivalent as in the theorem to an f’ such 
that 1 NS(f ‘)I has an akemplic part. Consequently, if f” is another reduction as 
in the theorem, then 1 NS(f ‘)I has an akemplic part if and only if 1 NS(f “)I does 
also. Therefore, the property of being reducible to a form with an akemplic 
triangulation in the nonsingular edges is a property of the original coloring. We 
are not able to show that there is only one akemplic to which a four-coloring may 
be reduced. We do not even know if the number of free pairs is independent of 
the choice of reduction. However, we know of no cases where there is a reduction 
to more than one type of akemplic. It is possible that this is a canonical form 
for colorings. 
Suppose that we have a coloring f of G which has even parity. After subdivi- 
sion, f is Kempe equivalent to a coloring which consists entirely of free pairs. 
This is certainly much simpler than an akemplic triangulation, but it is still 
difficult. In Fig. 12 we show two possible arrangements of two free pairs. To 
make the diagram simple, we squeezed all three lines of a free pair into one line. 
A 
FIG. 12. possible 
I I 
B 
arrangements of free pairs. 
These two arrangements are different in that although the paths join the same 
irertices, the paths are not homotopic in the sphere minus the four end points. 
I f  we had four-colorings f and g which had these two forms as their reductions, 
we would not know if f and g were Kempe equivalent in some subdivision. 
On the other hand, if the original triangulation has a global color, Kempe 
equivalence becomes especially simple for colorings of even parity. 
THEOREM 9. Suppose that G has a global color. There is an even subdivision 
G’ of G such that for any two four-colorings of G of even parity, the extensions to G 
are Kempe equivalent. 
We prove this in the next section. We do not claim that all even colorings of 
G’ are Kempe equivalent; just those that are induced by colorings of G. 
Consider the special case for which O(G) consists of just two vertices. Since 
G is a sphere, G has a global color. All colorings are Kempe equivalent to a free 
pair (since all colorings have degree zero), and all are Kempe equivalent after 
sufficient subdivision. However, we do not know if all colorings of G are Kempe 
equivalent without subdivision. 
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11.3. Proofs of the SubdiGion Theorems 
In this section we give the proofs of Theorems 8 and 9 of the previous section. 
We begin with a definition. Let G be a triangulation, and f be a four-coloring 
using colors 1, 2, 3, 4. If i and j are colors, then an (i, j) path is a path that uses 
only edges whose end points are colored i and j. If the path is a Kempe cycle, 
we talk of an (i, j) Kempe cycle. The next lemma is fundamental for this section. 
LEMMA 10. Let k be a connected t&mgulated surface with perhaps nonempty 
boundary. If  K has a three-coloring using colors 1,2, 3, there is an even subdivision 
K’ of K such that any two vertices of K colored 1 or 2 are joined by a (1,2) path in 
K’ all of whose interior vertices lie in the interior of 1 K I. 
Proof. We first claim that any two vertices of K are joined by a (1,2) path. 
Let f  be the three-coloring. If we remove all the vertices colored 3 from K, the 
resulting space is connected and has the homotopy type off -l(l, 2). f  -l(l, 2) 
is connected implies that any two vertices of it are joined by a path alternating 
colors 1 and 2. If we allow ourselves even subdivision, then we can easily see 
that the (1,2) path may be pushed away from the boundary. 1 
Let G be a triangulation of the sphere, and f  a four-coloring of G. kecall that 
1 NS(f )I is a subspace of the topological space 1 G I. If a vertex of G has at least 
three nonsingular edges meeting it, we calI it a vertex of ( NS(f)I. If we remove 
the vertices of I NS(f)l from 1 NS(f)l, we call the components edges. The 
components of 1 G I - I NS(f)l are called regions of I NS(f)l. From the elemen- 
tary fact that if a vertex of G has exactly two nonsingular edges meeting it, then 
the two nonsingular edges use the same colors and we see that each edge of 
I NS(f)l uses only two colors. A region of I NS(f)\ uses only three colors, for 
all the edges in its interior are singular. 
If an edge of I NS(f)l lies in the closure of a region of I NS(f)l, then the two 
colors of the edge are contained in the three colors of the region. If a vertex of 
I NS(f)l lies in the closure of an edge of I NS(f)l, the color of the vertex is one 
of the two colors of the edge. We now prove Theorem 8 by describing a reduction 
of a coloring in five steps. In what follows we do not distinguish between a 
coloring and its extension to an even subdivision. 
Step 1. Suppose that I NS(f)l has two vertices p and 4 with f(p) = f  (q), 
and p and 4 are joined by an edge of ( NS( f  )I. There is a subdivision of G such 
that f is Kempe equivalent to a four-coloring g such that in 1 NS(g)l, all edges 
fromp go to q. 
Let e be an edge of I NS(f)l J .oining p and q, and let R be a region containing e 
in its boundary. Let e’ be the edge in the boundary of R which meetap and does 
not go to q. (If there is no such e’, then we are done). e’ ends in a vertex T of 
1 NS(f)l and uses, say, colors 1 and 2, with f  (p) = 1. Since f  (p) = f  (q), by 
Lemma 10 we can find two (1,2) paths with disjoint interior, lying in R, one 
W/24/3-8 
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going from r to 4 and the other from p to p. The simple closed curve consisting 
of e’ and these two paths is a (1, 2) Kempe cycle. Changing along it gives a 
coloring with one less edge at p that doesn’t go to 4. Continuing, we get all the 
edges’from p to go to q. 
Step 2. If  in addition to the assumptions of Step 1, p is an even vertex, then 
f  is Kempe equivalent to a g such that j NS(g)l has one less vertex than ( NS(f)\ . 
By the first step all edges from p can be assumed to go to q. Assume that p is 
colored 1 by f. We claim that the number of (1,2) edges emenating from p in 
1 NS(f)I is even. To see this, form a triangulation of the circle, one vertex for 
each region of j NS(f)I meeting p, two vertices joined if the regions have a 
common edge in / NS(f)I . Color each point of this circle the color not used in the 
coloring of the corresponding region. Since every region containing p uses the 
color 1, this coloring of the circle is a three-coloring. An edge from p to q uses 
colors 1 and 2 if and only if the two adjacent regions are colored with 1, 2, 3 and 
1,2,4. Thus the number of (1,2) edges from p to q is just the number of edges 
of the circle colored with 3 and 4. Modulo 2, this is the degree of the coloring 
of the circle, which is the parity of the number of edges of the circle by Lemma 2. 
The number of nonsingular edges at p is, modulo 2, the degree of the vertex, 
which is even. Consequently, the number of (1,2) edges fromp to q is even. Any 
pair of (1,2) edges from p to q forms a Kempe cycle, so if we change along it we 
get a coloring with two fewer nonsingular edges at p. Continuing, we eventually 
eliminate all nonsingular edges at p. 
Step 3. If  in addition to the assumptions of Step 1 p and q are both odd, 
then f is Kempe equivalent under subdivision, to a four-coloring g, such that 
1 NS(g)/ has the same number of vertices as 1 NS(f)l but for which p and q lie 
in a free pair. 
I f  we follow the same process as in Step 2, we can cast off pairs of edges until 
there is exactly one (1,2), one (1, 3), and one (1,4) edge of 1 NS(f)\ from p to q, 
and no other edges of j NS(f)l at p. 
We now free q from its bondage with the rest of 1 NS(f)l. Let e be an edge 
going from q to some point other than p. If  none exists, then p and q are in a free 
pair. Using even subdivision if necessary, find a vertex on e which is the same 
color as q. As in Step 1, get all edges (except the three adjacent ones going to p) 
from q to go to this new vertex. A similar argument to that of Step 2 shows that 
we can eliminate all these edges, leaving just the free pair from p to q. 
Step 4. If  R is a region of ( NS(f)l, and R has two vertices colored the same 
by f, then there is a four-coloring Kempe equivalent to f which has these two 
vertices joined by an edge. 
Indeed, using Lemma 10, just join the two vertices by a simple closed curve 
in R which uses only two colors, and then change along it. 
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Step 5. Any f can be reduced to a g, with 1 NS(g)l consisting of an akemplic 
triangulation and free pairs. 
By Steps 1,2, and 3, we may assume that if two vertices of 1 NS( f )I are colored 
the same and are joined by an edge, then they are in a free pair. By Step 4, we 
may assume that all regions (ignoring the free pairs) have only three vertices 
on their boundaries. Thus the non-free-pair part is a triangulation K. The 
coloring f on G gives a four-coloring on K, and every edge is nonsingular. Thus, 
K is locally-3. If K had a Kempe cycle, we could change along it, going back to 
Steps 1, 2, 3, and 4 to get a triangulation with a smaller number of vertices. 
Thus, by induction, K, if nonempty, is an akemplic triangulation. 
This completes the proof of Theorem 8. 
Proof of Theorem 9. Let G be a triangulation of the sphere with a global 
color, and let f be a four-coloring of even degree. By Proposition 6 and Theorem 8 
we may assume that 1 NS(f)l consists of free pairs. 
We claim that if X denotes the set of vertices in the global color, then all 
vertices of X are colored alike by f. First of all, O(G) C X by Problem 1. Since 
each edge of 1 NS(f)l is two-colored, every nonsingular edge of G contains 
a point of X. Equivalently, if e is an edge not containing a point of X, e is a 
singular edge. This implies that all vertices of X are colored alike by f. In 
particular, all odd vertices are colored alike by f. We show that all even colorings 
of G are Kempe equivalent under even subdivision in five steps. 
Step 1. A standard fm for free pairs. Let the odd vertices be colored 1, 
and for each edge of I NS(f)l colored (1,2), choose a thickening of it so that all 
the thickenings are disjoint. In the thickened neighborhood of some free pair 
find a (1,3) path joining the two odd vertices. Change along the Kempe cycle 
formed by the nonsingular path joining the two odds and the above path. Next, 
choose a (1,4) path joining the odd vertices in the thickened neighborhood. 
Changing as above for this path gives a four-coloring that has all the nonsingular 
edges of this free pair in the thickened neighborhood. If we do this for all the 
free pairs, we get the standard form of the coloring. Figure 13 shows an example 
of two free pairs in standard and nonstandard form. 
Step 2. Rearrangement of two free pairs. Let f be a coloring in standard 
form. Suppose that we have two free pairs with colorings as shown in either 
FIG. 13. Free pairs in nonstandard and standard form. 
320 STEVE FISK 
Fig. 14A or 14C. We assume that there is no other free pair between the two 
free pairs, so that the changes shown in Fig. 14 can be made. Equivalently, we 
may choose a thickened path from a point of one of the (1,4) edges to a point on 
the other (1,4) edge and perform all changes within this thickened path. 
FIG. 14. Rearrangeing free pairs. 
Consider Figs. 14A and 14C. If the three triples are as in Fig. 14A, we can 
change along a Kempe cycle, as in Fig. 14B, to get the situation in Fig. 14C. We 
then perform the indicated Kempe changes. Figure 14G is how we indicate this 
operation. We need only indicate one of the edges, not three. 
Step 3. Removal of intersections. Suppose that A is an edge (of course we 
mean triple edge) of 1 NS(f)l and that some edge of 1 NS(g)l intersects A. Let 
one end of A be p, and let e’ be the edge of 1 NS(g)I that is nearest to p and 
intersects A. Suppose that e does not have p as an end point. Then we can find 
a coloring h Kempe equivalent to G in standard form that has one less edge 
meeting the edges of I NS(f)j. Th e p recess is in Figs. 15A-D with the abbrevia- 
tions as noted above. The assumption that e does not have p as an end point 
implies that the edge e’ leaving p in g is distinct from the edge e. 
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Step 4. Removal of Intersections. We make the same assumptions as in 
Step 3, except we assume that e hasp as an end point. The process is described 
in Figs. 15E-H. Figure 15F indicates the choice of a thickened path to join to the 
edge of e. We get either Fig. 15G or Fig. 15H, depending on which end of the 
edge e is joined to p. 
Step 5. Final Reduction. By Steps 3 and 4, we may assume that no edge 
of 1 NS(g)l meets any edge of 1 NS(f)j. Th us, with respect to the coloring g, 
we may assume that the edges of 1 NS( f )I exist as singular edges of g and do not 
meet any edges of ) I%(g)]. Suppose that the outside edges of each free pair 
of I NS(g)l use colors 1, 2, 3, with 1 as the color of the odd vertices. The two 
outer edges of each free pair of 1 NS(f)j are colored alike by g. Let us add, if 
necessary, another (1,2) arc for each free pair of 1 NS(f )I so that we can find 
three singular paths for each free pair, which use colors (1,2), (1, 3), and (1,2). 
Let us now consider all these (1,3) paths along with all the (1,3) edges of 
I Wdl. They f orm a Kempe cycle so we may change along it and get a new 
coloring. Similarly the (1,2) paths form a Kempe cycle, so change along them. 
Finally, change along the (1,3) paths. We have shown that f and g are Kempe 
equivalent. An example with four vertices is given in Fig. 16. 1 
2 
4 ‘\ Q- 
2 
4 ‘,3 4 3 
‘--_ k -m 
‘.4 4 
3‘. 4 3 
‘\ 
RI 
2 
2  
FIG. 16. Step 5 of the proof of Theorem 9. 
11.4. The Existence of Infinitely Many Akemplics with Four Odd Vertices 
Akemplic triangulations seem quite special, so one might think that for a 
given number of odd vertices there are only a finite number of akemplics. This 
is not true however; we give two constructions which produce infinitely many 
different akemplices with four odd vertices. 
First construction. All members of this first class of akemplics have a global 
color. Consider the basic unit U = U(1) (Fig. 17A). We form U(2) (Fig. 17B) 
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0 
FIG. 17. (A) The Basic unit U; (B) U(2). 
by taking another copy of U(1) and joining its outside square to the inside square 
of U(1). To produce U(3), we take a copy of U(1) and join its outside square to 
the inside square of U(2). Continuing, we construct a sequence of triangulations 
of the annulus U(n). 
I f  in U(1) we color the outside square with four different colors, then there is a 
unique extension of this coloring to a coloring of U(l), and, under this extension, 
the inside square also has four distinct colors on it. By induction, U(n) has the 
property that the labeling of one of the two boundary squares with four distinct 
colors extends to a unique coloring on all of U(n), and this coloring has all 
distinct colors on the other boundary square. 
The two boundary squares of U(n) each have two vertices of degree 5. Joining 
these two vertices of degree 5 in each square by a diagonal gives us a triangulation 
of the sphere, Z’(n). It has four vertices of degree 3, and the rest are of degree 6. 
If  f  is a coloring of T(n) of odd degree, then all four odd vertices must be colored 
differently. This implies that each boundary square of U(n) must have four 
distinct colors. By the above, we have that f  is unique. Since T(n) is locally-3, 
f  must be the nonsingular coloring. Since there are no other colorings of odd 
degree, f  has no Kempe cycles. From the construction, we see that T(n) has 
a global color. Summarizing, T(n) is akemplic, with a global color and 4n + 4 
vertices, precisely four of which are odd. 
Second construction. This is similiar to the first construction except that the 
basic unit is more complex and only two-thirds of the constructed triangulations 
are akemplic. They differ from the T(n) in that they have no global color. 
Figure 18A gives the basic unit I’( 1). We think of V(1) as having two hexagons 
for its boundary. Form V(2) from V(1) by taking another copy of V(l), rotating 
it two vertices counterclockwise, and joining the outside hexagon of the rotated 
one to the inside hexagon of V(1). To construct V(3) from V(2), we rotate V(l) 
four vertices counterclockwise and join to the inside of V(2). On the outside 
hexagon of V(l), we have, going clockwise, vertices of degrees 4, 4, 3, 4, 4, 4. I f  
we color these vertices 1, 2, 1, 3, 1, 3, then there is a unique extension to Z’(l), 
and the interior vertices have the same coloring. Inductively, the coloring 
extends to V(Fig. 18A). 
We next “fill in” the two hexagons of I’ to create W(n). To the outside 
hexagon we add Fig. 18C and to the inside we add Fig. 18B. The coloring on the 
two pieces is the nonsingular coloring. 
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FIG. 18. (A) The basic unit V; (B) the interior piece; (C) the exterior piece. 
We cannot conclude, as in the first construction, that an odd degree coloring 
is unique, for just because the four odd vertices have distinct colors does not 
imply that the boundary hexagons are colored 1,2, 1, 3, 1, 3. 
I f  we consider the nonsingular coloringf on the outside piece of Fig. 18A, we 
see that there can be no (1,3) or (2,4), or (3,4) Kempe cycles passing through it. 
Thus, there can be no Kempe cycle of this type for we could change along them 
and create a different extension of f on Fig. 18A. Similarly, considering the 
inside region, there can be no (1,2) Kempe cycles. Let us consider (2,3) Kempe 
cycles. Looking at Fig. 18 we see that there are three (2,3) paths, and that they 
go from the inside region of Fig. 18B to the outside region of Fig. 18C. In 
Fig. 18C and 18B, one (2,3) path goes through and one terminates at a vertex of 
degree 3. If  the (2,3) path terminating in Fig. 18C goes directly to the vertex 
of degree 3 in 18B, then there is a Kempe cycle. This is just a matter of how many 
turns V(1) has gone through. Thus, whether or not there is a (2,3) Kempe cycle 
of IV(n) depends only on n modulo 3. Similarly for (1,4) Kempe cycles. We 
now show that W(n) is akemplic by showing that W(0) is akemplic. Figure 7 
shows W(O), and it is just the icosahedron with some vertices of degree 3 added. 
By constructing W(l), we see that it too is akemplic. Thus, IV(3n + 1) and 
IV(3n) are akemplic; W(3n + 2) is not. 
11.5. Five Coloring and the Existme of Four-Colorings 
We introduce five-colorings to provide proof of the existence of four-colorings 
under subdivision. If  G is a triangulation of the sphere, a five-coloring Q is an 
assignment to each vertex of G one of the integers 1,2,3,4,5 so that two adjacent 
vertices have different integers (colors) assigned to them. If e is an edge of G, 
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then e is singular (with respect to Q) if the two triangles containing e use only 
three colors. I f  they use four, then e is nonsingular. Unlike a four-coloring, the 
number of nonsingular edges at a vertex may have any parity (see Figs. 19A and 
19B). Another difference is that if all the edges at a vertex are nonsingular, the 
vertex may not have degree divisible by 3 (see Fig. 19C). 
FIG. 19. (A, B) A five-coloring with 3(4) nonsingular edges; (C) a five-coloring with 
all edges*nonsingular; (D) triangles near edge e. 
The main difficulty with five-coloring is that Kempe cycles are not well 
behaved. A simple closed curve C of G which uses exactly three colors is called 
a 3-Kempe cycle of Q. Suppose that C bounds a region D, and that on i?D, Q uses 
colors 1, 2, 3. I f  we permute the colors 4 and 5 of D, we do get a new coloring, 
but it is possible that the edges of C have not changed from singular to non- 
singular, or vice versa. This is the case for an edge e of C if and only if e lies in a 
triangle colored with 1, 2, 3. I f  the 3-Kempe cycle C uses only two colors, then 
we call it a Kempe cycle. If  C is a Kempe cycle, then we can change along C so as 
to change any given edge from singular to nonsingular or vice versa. We cannot 
necessarily change all the edges in C from nonsingular to singular. Triangula- 
tions with no 3-Kempe cycles are quite simple: 
LEMMA 11. Suppose Q is a jive-coloring of G, with all edges nonsingular. If 
there is no 3-Kempe cycle that produces a jive-coloring with a singular edge, then 
G is A3. 
Proof. Let e be an edge of G, and consider the triangles around e as given 
in Fig. 19D. e is nonsingular, so up to permutation we may assume that the 
colors are as in the figure. If  there were a (1,2, 5) 3-Kempe cycle through e, then 
e would become singular. Consequently, there must be a (3,4) path T between 
3 and 4. Consider the (1,3,4) 3-Kempe cycle consisting of T, e’, and e”. Since 
the edge e’ is still nonsingular after changing on this cycle, x must be colored 3. 
Similarly, y  is colored the same as X. This implies that at any vertex, only three 
colors are used. Since the link of a vertex is therefore a Kempe cycle, we can 
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change all the points colored 5 into something else, obtaining a four-coloring. 
Suppose p and q are two nonadjacent vertices that have a common edge in their 
links. Changing the two colors at p and q to five, we create a singular edge. So, 
no such pair exists. Hence G is d3. 1 
This lemma may be interpreted as saying that there is only one akemplic 
five-coloring. 
We now turn our attention to subdivision. Any five-coloring extends to any 
even subdivision. We always extend in the manner described in Section 11.1. 
What about the reductions of Section II.3 7 We discuss each of the five steps in 
the proof of Theorem 9. First, consider the nonsingular part 1 NS(Q)I of a 
five-coloring Q. We cannot tell as easily where the odd vertices are, but we still 
have that every region of 1 NS(Q)I is three-colored, and every edge of 1 NS(Q)I 
uses only two colors. Step 1 goes through, because we are using Kempe cycles. 
Consider Steps 2 and 3. If the number of edges from p to q is at least five, then 
we can find a Kempe cycle there. The new case with four edges from p to q is 
easily dealt with (see Fig. 19E). 
Step 4 is trivial, and Step 5, combined with Lemma 11, shows that we can 
reduce any five-coloring to free pairs and perhaps one tetrahedron. Let the 
region outside the free pairs and the tetrahedron use colors 1, 2, 3. An inner 
edge of a free pair might use color 5, but we can change along the boundary of the 
free pair to get that only four colors are used in all of the triangulation. 
We give an explicit construction for showing that the four-coloring of the 
tetrahedron is 3-Kempe related to two free pairs. Figure 20B is obtained from 
20A by a (1,2,4) Kempe change; 20C from 20B by a (2,3,4) Kempe change; 
20D from 20C by a (1,3,4) change; 20E from 20D by a (1,3, 5) change; 20F 
from 20E by a (1,3,4) change; and 20G from 20F by a (1,2,4) Kempe change. 
FIG. 20. The tetrahedron is 3-Kempe related to two free pairs. 
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We therefore have proved the following theorem: 
THEOREM 12. If  G is a triangulation of the sphere, all Jive-colorings are 
3-Kempe equivalent under even subdivision to a four-coloring of even parity. 
Now it is well known that every triangulation of the sphere has a five-coloring 
(Ore, 1967). Therefore, we have immediately from the above theorem: 
COROLLARY 13 (Weak Four-Color Theorem). If G is a triangulation of the 
sphere, then it has an even subdivision with a four-coloring. 
COROLLARY 14. If  G is a triangulation of the sphere, and #O(G) > 4, then 
there is a even subdivision of G with four-colorings of both even and odd parity. 
Proof. We know that G has four-colorings of even degree, f,  and that 
/ NS(f)j consists of free pairs. I f  there are two free pairs with the odd vertices 
colored differently, apply Fig. 20 backward to get a four-coloring g with 1 NS(g)I 
consisting of free pairs and one tetrahedron. g has odd parity. On the other 
hand, if all the odd vertices are colored the same, then G has a global color 
(Problem 4). Take any akemplic triangulation with four odd vertices and a 
global color (see Section II.4 for some examples). Since its nonsingular four- 
coloring is of course also a five-coloring, it is 3-Kempe equivalent to a coloring 
g which has / NS(g)/ equal to two free pairs. It cannot be a tetrahedron, for then 
it would not have a global color (see Section 11.1, Remark (5)). I f  we have four 
odd vertices and a global color, we can follow this reduction backward to con- 
struct a four-coloring of odd degree. 1 
COROLLARY 15. If  H is an even cover of G, and both G and H are spheres, 
then #O(G) < 4. 
Proof. H is an even cover of G means that there is a map h from H to G of 
nonzero degree. Let O(G) 3 4; then there is a subdivision G’ of G which has a 
four-coloring f  of odd degree. G’ induces a subdivision on H, call it H’, with a 
map h’ of the same degree as h. The composition of h’ with f  is a coloring of H 
of nonzero degree. Since H’ is an even triangulation of the sphere, by Theorem 4 
this is a contradiction. 1 
11.6. Problems 
Problem 1. If  a triangulation K has a global color V, then O(K) C I/. 
Problem 2. Reduce a four-coloring of the icosahedron to an akemplic plus 
free pairs. Do this for the four-colorings in Figs. 2-5. 
Problem 3. If  G has a global color, then no four-coloring has degree 1. 
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Problem 4. If  f  is a four-coloring of G, and 1 NS(f) consists of free pairs, 
then the degree off is zero. If, in addition, f colors all odd vertices the same, then 
G has a global color. 
Problem 5. A four-coloring of a triangulation G has odd parity if and only if f 
reduces to a nonempty akemplic and perhaps some free pairs. 
Problem 6. Suppose that f is a four-coloring of G which is Kempe equivalent 
to no other four-coloring. If  one adds a vertex of degree 3 to every triangle of 
positive orientation, then the resulting triangulation is akemplic. 
Problem 7. Suppose G is akemplic. I f  we add a vertex of degree 3 to every 
triangle, show that the resulting triangulation is akemplic with a global color. 
Problem 8. Suppose that f is a four-coloring of a triangulation G and that D 
is a disk of G. Show that if D contains no odd vertices of K, then f is Kempe 
equivalent under even subdivision to a four-coloring f’ such that f’ is a three- 
coloring in D’ (the subdivided D). Hint: Use steps 1 and 3 of the proof of 
Theorem 8 and Theorem 1. 
Problem 9. Let h be a three-coloring of a disk D. Let d be the degree of the 
map h from aD to &I*. Show that the number of triangles of D has the same 
parity as d. 
Problem 10. If  G has a global color, then for any pairing of the odd vertices, 
there is a four-coloring f such that / NS(f)l consists of free pairs joining the 
given pairs of odd vertices. 
Problem 11’. Do we know all the akemplics with four odd vertices ? 
Problem 12”. Given a triangulation G, are there infinitely many akemplics 
with the same obstruction map as G ? 
Problem 13”. Suppose that the triangulation G has two four-colorings 
f and g such that the set of vertices colored 1 by f is the same as those colored 
1 by g. Is f Kempe equivalent to g under even subdivision ? 
Problem 14”. Can a four-coloring be Kempe equivalent under even sub- 
division to two different akemplics ? 
Problem 15”. Are all four-colorings of even degree Kempe equivalent under 
even subdivision ? 
Problem 16”. Does every G have a stable even subdivision ? A stable triangu- 
lation is a G such that any two four-colorings of G are Kempe equivalent if and 
only if they are equivalent under even subdivision. 
Problem 17”. I f  G has exactly two odd vertices, are all four-colorings Kempe 
equivalent ? 
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III. THE NUMBER OF FOUR-COLORINGS OF EVEN TRIANGULATIONS 
III. 1. Results on the Sphere 
In the first two chapters we studied properties of a single coloring. In this 
chapter we change our focus, and consider all the colorings of a given triangula- 
tion. We are going to investigate the number of four-colorings of even triangula- 
tions of the sphere and the disk. 
Throughout this introductory section, G is an even triangulation of the sphere. 
#G denotes the number of vertices of G. The number of four-colorings of G will 
be denoted b(G). Suppose thatf is a four-coloring of G. If  we fix orientations of 
G and of aA3, then every triangle of G is either mapped in an orientation- 
preserving or an orientation-reversing manner. I f  T and T are two triangles of 
G, we define sgn( T, T’,f) to be 1 iffmaps both T and T’ with the same orienta- 
tion; otherwise we set it to - 1. In the case that f  is the three-coloring of G, we 
write simply sgn(T, T’) for sgn(T, T’,f). 
The three-coloring of G induces a “two-coloring” of the triangles of G. That 
is, the orientations divide the triangles of G into two sets so that any two triangles 
in the same set do not have an edge in common. 
We define (T, T’) to be the number of four-colorings f  of G for which T and 
T’ have the same orientation under f  minus the number of four-colorings for 
which they have opposite orientations. Alternatively, this is the sum of 
sgn(T, T’, f) over all four-colorings f. The major result of this chapter is the 
following Theorem. Almost everything else in the chapter is a consequence 
of it. The proof is given in the next section. 
THEOREM 16. Let T and T’ be distinct triangles of the even triangulation G of 
the sphere. If sgn( T, T’) = 1, then (T, T’) = 0. 
In words, if two triangles have the same orientation under the three-coloring, 
then the number of four-colorings for which they have the same orientation 
equals the number of four-colorings for which they have opposite orientations. 
An immediate corollary is that the number of four-colorings is even, but we can 
do better than that. 
COROLLARY 17. If G is an even triangulation of the sphere, then b(G) is 
divisible by 4. 
Proof. We first establish that G has a vertex of degree 4. Let Vi denote the 
number of vertices of G which have degree i. The following formula is a simple 
consequence of Euler’s formula (Ore( 1967)). 
c (6 - i) bvi = 12. (1) 
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I f  G is even the only positive term on the left is 2V, , so there must be at 
least six vertices of degree 4. Let p be one of them. The link of p has three 
different colorings which are induced by colorings of G, denoted by A, B, C in 
Fig. 21. Let D be the disk which is the result of removing p and the four sur- 
rounding triangles. The number of colorings of D for which the boundary is 
colored A (resp., B, C) is denoted #A (resp., #B, #C). In case the boundary is 
colored as in case A, every coloring of D has two extensions to all of G; in the 
other two cases there is a unique extension. Thus, b(G) = 2#A + #B + #C. 
FIG. 21. The four possible four-colorings of P(4). 
Now let us apply the theorem to two opposite triangles containingp. In case A, 
the two opposite triangles are the same orientation; in cases B and C the opposite 
triangles are colored with opposite orieatations. Consequently, 2#A = 
#B + #C. Combining this with the previous equation, we conclude that 
b(G) = 4#A. 1 
Since the octahedron has exactly four four-colorings, we cannot improve the 
modulus in general. I f  we consider only even triangulations that have an odd 
number of vertices, then we can raise the modulus to 8 (see Corollary 19). 
The conclusion of the main theorem is not true for all pairs of triangles. If  T 
and T’ are two adjacent triangles of the octahedron, then ( T, T’) = -2. 
However, there is a congruence that is satisfied. 
COROLLARY 18. Ifsgn(T, T’) = -1, then <T, T’) = (l/2) b(G) (mod 4). 
Proof. Let A, B, C be three triangles of G with sgn(A, B) = -1, 
sgn(A, C) = ---I, and sgn(B, C) = 1. Let #(A = B) denote the number of 
four-colorings for which A and B have the same orientation. Similarily, let 
#(A = B # C) denote the number of four-colorings of G for which A and B 
have the same orientation and for which C has the opposite orientation from A 
and B. 
We show that there is a t such that for any A and B with sgn(A, B) = -1, 
#(A, B) = t (mod 2). To see this, it suffices to show that if A, B, C are as in the 
first paragraph, then #(A = B) + #(A = C) = 0 (mod 2). The left-hand 
side is easily seen to be equal to 2#(A = B = C) + #(C # B). Now the first 
term is even, and,the second is by the main theorem, just *b(G). Since b(G) is 
divisible by 4, this too is even. 
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We compute (A, B) = #(A = B) - #(A # B) = 2#(A = B) - b(G) = 2t 
(mod 4). It thus remains to find t. Going back to the notation of Corollary 17, 
let E and F be two adjacent triangles containing p. By symmetry, we may 
assume that under the coloringf which colors Ink(p) as in B (resp., C), E and F 
are colored with different (resp., the same) orientations. If  Ink(p) is colored as in 
A, then E and F are colored differently. Therefore we have #(E = F) = #C. 
I f  D is the disk resulting from the removal of st(p) from G, let D’ be another 
copy of D and join them along their boundary to form an even triangulation 
of the sphere. The number of four-colorings of this triangulation is 2#A2 + 
#B2 + #C2 which is divisible by 4, by Corollary 17. It follows that #C = #B 
(mod 2), and hence #A E #B = #C (mod 2). From the proof of Corollary 17. 
#A = (l/4) b(G), so we are done. 1 
COROLLARY 19. If G is even and #G odd, then 8 divides b(G). 
Proof. Let T be a fixed triangle of G and let f be a four-coloring. Let f= be 
the set of all triangles of G which have the same orientation as T under f. Since 
the degree off is zero (Theorem 4), the number of elements in f= is one-half the 
number of triangles of G. Since this is 2(#G - 2), #f= = #G - 2 is odd. 
We are going to perform “double summation” on the set Y of all pairs (f =, T’), 
where f is a four-coloring of G and T’ is a triangle off= different from T. For 
each f= there are #G - 3 T’, so #Y = b(G) (#G - 3). Summing over the T’, 
first suppose that sgn( T, T’) = 1. There are #G - 3 such T’, and each one is 
in $b(G) f=‘s. I f  sgn(T, T’) = -1, then mod 2, each T’ is in fb(G) f=‘s. 
There are #G - 2 such T’ so altogether we have the mod 2 equation 
b(G) (#G - 3) = (#G - 3) i@(G)) + (#G - 2) $b(G). 
This reduces to Qb(G) E 0, so 8 divides b(G). 1 
111.2. Proof of the Main Theorem 
Let G be an even triangulation of the sphere, and let T and T’ be two distinct 
triangles such that sgn(T, T’) = 1. We prove that {T, T’) = 0 by creating two 
even triangulations with a smaller number of vertices than G such that (T, T’) 
computed on G equals the sum of (T, T’) computed on each of the smaller 
triangulations. To complete the inductive proof we compute the values of 
<T, T’) on small triangulations. 
The process which gives us smaller objects does not really give us triangula- 
tions. We must work in a more graph theoretical category. 
A semitriangulation H is a graph on the sphere such that every region (i.e., 
component of the complement) is bounded by exactly three edges of H. H can 
fail to be a triangulation because there may be several edges joining two vertices. 
In Fig. 22 we give the semitriangulations with at most six vertices, which have a 
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FIG. 22. The semitriangulations with at most six vertices. 
three-coloring. There is no problem in defining four-coloring, three-coloring, 
and orientation of a triangle (region) for a semitriangulation. 
For these semitriangulations, one can easily check that (T, T’) = 0 for two 
distinct triangles T and T’ having the same orientation. This begins the 
induction. 
Suppose that H is a semitriangulation and that T and T’ are two distinct 
triangles having the same orientation. Suppose that p and q are two vertices 
which have two edges e and e’ joining them. The edges e and e’ separate the 
sphere into two disks D and D’. We first assume that T is in D and T’ is in D’. 
I f  f is any four-coloring of H we can construct a new coloring f’ by changing f 
along the Kempe region D. Since the orientation of Tin D under f is the opposite 
of that of T under f’, (T, T’) = 0 in this case. 
Now suppose that both T and T’ lie in D. I f  we remove the edge e (resp., e’) 
from D (resp., D’) we get a semitriangulation E (resp., E’). Computing (T, T’) 
on H, we see it is twice the product of (T, T’) computed on E with b(E). By 
induction this is zero. 
We may now assume that H has no pair of vertices that are joined by more 
than one edge. Therefore we may assume that H is a genuine triangulation. 
Suppose that H has a triangle all of whose vertices have degree 4. In this case 
we see that H can be obtained by evenly subdividing some face of some triangula- 
tion G. We can show that 0 = (T, T’) by dividing into two cases, just as we did 
in the two previous paragraphs. We may there ore assume that H has no triangle 
all of whose vertices have degree 4. 
From formula (1) of the last section, we see that there are at least six vertices 
of degree 4 in H. By the previous paragraph, we can find a vertex p of degree 4 
which is not contained in either T or T’. We now construct two new semi- 
triangulations HI and H, each of which will be even and have two fewer vertices 
than H. Let the star of p be given in Fig. 23. If  we remove the four triangles 
around p, we get a disk D. Identifying vertices 2 and 4 of D gives H,; identifying 
1 and 3 gives H, . We call this process squeezing at p. This process is indicated 
FIG. 23. Squeezing. 
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in Fig. 23. We claim that b(H) = b(H,) + b(H,). There are three four-colorings 
of Ink(p) as shown in Fig. 21. As we saw there, the number of four-colorings of 
H is 2#A + #B + #C. The number of colorings of HI is #A + #C and the 
number of four-colorings of Hz is #A + #B. 
This division of the four-colorings of H between HI and H, shows that if we 
compute (T, T’) on H it is equal to the sum of (T, T’) computed on HI with 
that on H, . Each of these are zero by hypothesis, so the proof of Theorem 16 is 
complete. i 
We were forced to introduce semitriangulations because even though H may 
be a triangulation, H1 or H, may not be. Consider for example R(4). 
111.3. Linear Relations on the Disk 
In the first two sections of this chapter we studied properties of all the colorings 
of an even sphere. In this section we study the properties of all the colorings of 
even disks. A new feature is that we must keep track of the coloring on the disk’s 
boundary. 
If  D is a disk, and f  is a four-coloring of D, then by #(f, D) we mean the 
number of four-colorings g of D such that g restricted to the boundary of D isf. 
Suppose that D and D’ are even disks whose three-colorings are h and h’, 
respectively. We say that D and D’ have similiar boundries if there is a permuta- 
tion CJ of aA such that h and oh’ coincide on the boundries of D and D’. Obviously 
for D and D’ to have similiar boundries aD and aD’ must have the same number 
of vertices, but this is not sufficient. 
Let S be a collection of even disks, any two of which have similiar boundries. 
Let D be a member of S, and let F be the set of all four-colorings of aD. A linear 
relation is an assignment of an integer a(f) to each member f of F such that for 
any D’ in S. 
C 4f > #(f, 0’) = 0, 
where the sum is over all f in F. 
Here is one linear relation that we have already met. Let S be the collection 
of all even triangulations D of the square whose boundary is two-colored by the 
three-coloring of D. There are four possible four-colorings of the boundary, 
which we gave in Fig. 21. By the results in Section 1, there is the linear relation 
--2#(4 D) + #(& D) + #(C, D) = 0. 
The assignment a is as follows: a(A) = -2, a(B) = 1, a(C) = 1, a(E) = 0. 
Colorings of the boundary of type E are not very interesting, as the next lemma 
shows. 
LEMMA 20. Let D be a triangulation of the square such that the three-coloring 
of D is a two-coloring of the boundary. Then there is no four-coloring of D which 
has four distinct colors on the boundary. 
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Proof. Let f be a four-coloring, and let h be the three-coloring of D. Consider 
the map F = h x f from the boundary of D to A2 x &Is. If  f extended to a 
four-coloring on all of D, then F extends to a map from the disk to the torus. 
Since the disk is simply connected, the map F restricted to the boundary must be 
homotopic to a point. We can explicitly compute F on the boundary of D, and see 
that it is not homotopic to a point. 1 
Consider the linear structure of linear relations. Fix a three-coloring h of 
some P(n), and consider the set S(h) of all even disks possessing a three-coloring 
whose restriction to the boundary is h. Let C(h) be the set of all four-colorings 
f of P(n) such that for some D in S(h), #(f, D) # 0. 
Let V(h) be the vector space of all maps from C(h) to the rationals. Each D in 
S(h) gives rise to an element D+ by the rule D+(f) = #(f, 0). Let W(h) be the 
subspace generated by all De-, as D runs over the members of S(h). There is an 
inner product on V(h) given by (a, b) = C u(f) b(f), where a and b are elements 
of V(h), and the sum is over all f in C(h). With respect to this inner product, the 
orthogonal complement w(h)l of w(h) is precisely the set of all linear relations. 
We call the dimension of this subspace the number of independent linear relations. 
We have the formula dim(V(h)) = dim(w(h)) + dim(w(h)l). We compute these 
for the square in 
PROPOSITION 21. Let h be the two-coloring of P(4). Then 
(1) #C(h) = 3 
(2) dim(w(h)l) = 1. 
Proof. Figure 21 gives the four possible four-colorings of P(4), and the 
previous lemma shows that #(E, D) = 0 for any disk in S. The first three 
colorings extend to P(4) * 4, so #C(h) = 3. It is easy to construct examples 
showing that dim(w(h)l) > 1, we must have equality in both cases. 1 
Our next theorem says that linear relations always exist. 
THEOREM 22. For any three-coloring h of the circle, there are nontrivid linear 
relations. 
Proof. Continuing the same notation, let D be a disk of S(h), and let T and T’ 
be two triangles having the same orientation under the three-coloring. If  f is an 
element of C(h), set a(f) equal to C sgn(T, T’, g) where the sum is over all g 
which are equal to f on the boundary. We claim that a is a relation. Let D’ be any 
member of S(h), and join D and D’ coherently along their boundaries to form an 
even triangulation G. By the main theorem, 0 = (T, T’) = C sp( T, T’, g) = 
C #(f, D’) u(f ), where the first sum is over all four-colorings g of G, and the 
second over all four-colorings f of the boundary of D. This shows that a is a 
relation. It remains to show that it is nontrivial. 
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There are two cases. Suppose first that h is a two-coloring of the circle P(n). 
Clearly, P(n) * Q is in S(h), and any three-coloring f  other than h of aD has a 
unique extension to D, so that a(f) = il. 
On the other hand, if h is not a two-coloring, there is an even D having no 
vertices in the interior such that h three-colors D. In this case, a(h) = f  1, so 
a is not identically zero. 1 
111.4. Finding Relations 
In the last section we saw that there are always linear relations. In this section 
we make a more detailed study of how to find linear relations. Suppose that we 
have a set S of even disks whose three-coloring on the boundary is h. Each D in S 
determines a function D# = #(f, D) f  rom C(h) to the rationals. Let p be a 
vertex of degree 4 in the interior of D and let D, and D, be the triangulations 
we get by squeezing at p. I f  DI and D, are in S, then D*- = DIi* + D,#. Thus we 
need only consider the disks which cannot be squeezed in S. 
In a few cases, with h defined on four or five vertices, W(h)-‘- can be computed 
explicitly. In general, however, there are infinitely many D which cannot be 
squeezed. To handle this, we enlarge the set S by allowing various kinds of 
degeneracy. This larger set S’ will have a finite basis of elements which cannot 
be squeezed. The vector space W(h)’ determined by s’ may be larger than W(h), 
so we may lose some linear relations. This is the price we pay for computability. 
We work out the example of the pentagon. It has the three-coloring given in 
Fig. 24A. Let S be the collection of all semitriangulations of the pentagon 
having a three-coloring as given in Fig. 24A. W is the vector space generated by 
all the D#, for D in S. 
B A A B A q A 
f 
A B C D 
FIG. 24. (A) A three-coloring of the pentagon; (B, C) two degenerate pentagons; 
(D, E) two triangulations of the pentagon. 
Let P be a disk of S with a vertex p of degree 4 in its interior. We can squeeze P 
in S unless two of the opposite vertices of Ink(p) both lie on the boundary. By 
symmetry let them be B and D in Fig. 24A. Collapsing these two vertices gives 
D, as in Fig. 24B where triangle ADE has some even triangulation K in it. We 
may think of the boundary of D, as the pentagon with B and D identified, so 
#(f, DJ is still defined. If  G (resp., G’) denotes Fig. 24B (resp., 24C) then 
#(f, DJ = b(K) #(f, G). Let S’ be the union of S with G, G’ and IV’ the 
vector space generated by S’. 
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W’ is generated by G, G’ and semitriangulations which have no vertex of 
degree 4 in the interior. Let K be such a semitriangulation. If K has a multiple 
edge, let K’ be the semitriangulation obtained by removing the region between 
two such multiple edges and then identifying these edges. Then K# is a multiple 
of K’#. So we may assume that K is a triangulation. 
We show that K is unique. Since we know the three-coloring of the boundary 
of K, we know the parity of the degrees of the vertices of the boundary. On the 
outside of K, join B to E and C to E, forming an even triangulation of the sphere 
K”. Since there are no vertices of degree 2 or 4 in the interior of K, all vertices 
there have degree at least 6. So K” has at most five vertices of degree less than 6. 
By the Euler formula (1) of Section 1, there must be at least one vertex of degree 2 
in K”. It must be A or D, so by symmetry let it be A. Therefore, the degree of A 
in K is also 2. If there is only one vertex of degree 2 in K”, then all others have 
degree 4. This implies that the degree of E in K is also 2, a contradiction (because 
p(A, K) = 2 implies that E is joined to B). Since there are two vertices of degree 
2 in K”, we have that D also has degree 2 in K. Figure 24D shows the edges that 
we now know. If there were any more vertices, the degrees of the vertices on the 
boundary of K” would be too high (by formula (1) again), so K is given in 
Fig. 24D. 
We put our work together to conclude the vector space W’ is generated by 
G#, G’i+, and K#. There are six colorings of the boundary of the pentagon 
which extend to a four-coloring of an even disk in s’. We list this information 
in a table: 
A, B, C, D, E #(f, G) #(f, G’) #(f* K) 
(1) 1, 2, 1, 2, 3 1 1 1 
(2) 1, 2, 1, 3, 2 0 1 0 
(3) 1, 2, 3, 2, 3 1 0 0 
(4) 1, 2, 4, 1, 3 0 0 1 
(5) 1, 2, 1, 3, 4 0 1 1 
(6) 1, 2, 3, 2, 4 1 0 1 
The left-hand column is the four-coloring f. For instance, the third entry 
indicates a four-coloringf such thatf (A) = 1, f(B) = 2, f(C) = 3, f(D) = 2, and 
f(E) = 3. The three columns are linearly independent, so the dimension of W 
is 3. This implies that there are at least three independent linear relations for 
semitriangulations. We can read off three possible ones #(l) + #(4) - #(5) - 
#(6) = 0; #(I) - #(3) - #(5) = 0; #(I) - #(2) - #(6) = 0. 
It is not hard to find three examples from the class of (ordinary) triangulations 
of the pentagon which give linearly independent elements of w’ so we have 
shown the following 
THRORRM 23. The three-coloring h of the pentagm has #C(h) = 6 and has 
three ZinemZy independent linear relations (dim( W(h)l) = 3). 
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111.5. Linear and Nonlinear Relations Module n 
In the previous two sections we considered linear relations over the rationals. 
In this section we investigate linear relations modulo n. Instead of maps to the 
rationals, we now consider maps to Z, . 
Let us look at the square again. Consider the set S of all even triangulations 
of P(4) such that P(4) is two-colored by the three-coloring. Figure 21 gives the 
three possible colorings A, B, C of the boundary. From Proposition 21 we recall 
that the only relation is #(B, D) + #(C, D) - 2#(A, D) = 0. In the proof of 
Corollary 18 we observed that #(A, D) = #(B, 0) = #(C, D) modulo 2. 
Consequently, there are two independent linear relations over Za . 
There are also two independent linear relations over Z, . To see this, form a 
sphere by identifying 1 with 3 in Fig. 21E. The number of four-colorings of 
this even triangulation is #(A, D) + #(B, D), so this sum is zero mod. 4. We 
thus have the relations -#(A, D) = #(B, D) = #(C, D) (mod 4. Modulo 8 
there is only the relation over Z. 
We can use the technique of squeezing the vertices of aD together to get many 
relations mod 4. There are also some quadratic relations mod 4. Let S be a class 
of triangulations with similiar boundries and let D be a member of S. Let g be 
the two-coloring of the boundary of the disk (if g exists). Take another copy of 
D and join them along the common boundary. The number of four-colorings 
of the resulting triangulation is divisible by 4, since it is an even triangulation. 
This gives us the quadratic relation 
#(g, D>” + C #(f, W = 0 (mod 4) 
where the sum is over all the four-colorings in C(h). Taking the sum mod 2 
gives the following 
PROPOSITION 24. If D is an even disk with g the two-coloring of the boundary 
(ifg exists) then b(D) = #(g, D) mod 2. 
Remark. if g does not exist, then we take #(g, D) = 0. We can not improve 
this. Even if g extends to a three-coloring on D, b(D) may be either even or 
odd. 
111.6. Problems 
Problem 1. Let G” be the result of evenly subdividing some edge of a 
triangulation G. Show that b(G) = b(G’) mod 2. 
Problem 2. Let G be the following triangulation of the sphere. Begin with a 
cube. Place a vertex in each square, and join each vertex to the four corners. 
Show that G is even and has 152 colorings. 
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Problem 3. Show that for all n greater than 3 there are even triangulations 
of the sphere, G and G”, so that #G = 2n + 1, #Go = 2n, b(G) = 8 (mod IQ, 
and b(G”) = 4 (mod 8). 
Problem 4. Suppose that K is a triangulation of a surface of genus g. If  V, 
is the number of vertices of degree i, show that Ci 6 - E) Vi = 6(2 - 2g). 
Problem 5. If  K is an even triangulation of the projective plane, then there 
is a vertex of degree less than 6. 
Problem 6. Let G be an even triangulation of the sphere, and let e and e’ be 
two edges of some triangle of G. Prove that the number of four-colorings of G 
where e and e’ are both singular or both nonsingular is &b(G). 
Problem 7. Show that if e is an edge of an even triangulation G of the sphere, 
then the number of four-colorings f such that e is nonsingular under f is )6(G) 
(mod 2). I f  #G is odd, then this is true mod 4. 
Problem 8. Let G be an even triangulation of the sphere, and let a, b, c be 
three triangles of G of the same orientation under the three-coloring. Let 
#(a = b # c) be the number of four-colorings of G which have u and b the 
same orientation, and c different from them. Prove that #(a = b = c) = 
#(a = b # c) = #(a = c # b) = #(b = c # u) = &b(G). What equalities do 
we have if there are four triangles ? Five triangles ? 
Problem 9. Let G be an even triangulation of the sphere, and let p be a 
vertex of degree 6 of G. Let n be the number of four-colorings of G such that all 
the edges at p are nonsingular, and s the number such that all six edges are 
singular. Prove that rz + s = &b(G). 
Problem 10. Let G be an. even triangulation of the sphere, and let T be a 
triangle of G. Let a be the number of four-colorings where all three edges of T 
are nonsingular, and s the number where all three edges are singular. Prove that 
n + s = $b(G). 
Problem 11. Does Theorem 16 hold for a disk with all even interior vertices ? 
Problem 12. Consider the set S of all disks with four vertices in the boundary. 
Find a linear relation (Birkhoff and Lewis, 1946, Chap. 5, Sect. 2.2). 
Problem 13. Show that if G is the icosahedron, and T and T’ are two triangles 
of G, then (T, T’) takes only the values 2,6, and 10. 
Problem 14. Let h be the two-coloring of the hexagon P(6). Show that 
#C(h) = 16. Show that the number of linear relations is 10. 
Problem 15. If  G is an even triangulation, and f is a four-coloring, let f, be 
the map of the link of a vertexp to P(3). The degree of this map is even, so it is 
well-defined mod 4. Find a triangulation where deg(f,) is zero mod 4 for all 
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vertices p. Show that C deg(f,) = p(p) a&G), where the sum is over all four- 
colorings f  of G. 
Problem 16. Let g be a four-coloring of a triangulation G. Define the 
14-tuple go = (ui): ai is the number of vertices colored i, for i = 1, 2, 3,4. 
u5 tresp- a6 , % , % , uQ , au) is the number of edges colored with (1, 2) (resp. 
(1, 3), (1,4), (2, 3), (2,4), (3,4)). u15--i is the number of triangles not using 
color i, for i = 1,2, 3,4. Let V be the Z, vector space generated by all g”, for all 
colorings g” of all triangulations of the sphere. Show that the dimension of V is 7. 
Problem 17. Prove that the only triangulation of the pentagon which is even 
and has exactly one vertex of degree 4 in the interior is given in Fig. 24E. 
Problem 18. Suppose that G is a triangulation of the sphere with exactly 
two odd vertices, and that #G is even. Show that b(G) is even. What happens 
if #G is odd ? Hint: Use squeezing. 
Problem 19. Let K be a triangulation of the projective plane with a three- 
coloring. If  #K is even then b(K) is also even. Hint: Squeeze. 
Problem 20”. Find a proof of Theorem 16 that does not use squeezing. 
Problem 21’. For a given three-coloring h of some P(n), are there finitely 
many disks which are even and have boundary coloring h that have no interior 
vertex of degree less than 6 ? 
Problem 22”. Is there a disk D and two triangles T and T’ such that 
C sgn( T, T’, g) = 0, where the sum is over all g such that g restricted to the 
boundary is f,  for all four-colorings f of the boundary of D ? 
Problem 23”. Does there exist a triangulation G of the sphere such that for 
all pairs of distinct triangles T and T’, (T, T’) is zero ? To exclude trivial cases, 
assume that G has a four-coloring. 
Problem 24”. I f  #G is even, and G has exactly two odd vertices, are there 
triangles T and T’ such that (T, T’) = 0 ? 
Problem 2.5”. I f  for every triangle T of G there are &(#G - 1) triangles T’ 
such that (T, T’) = 0, must G be even ? 
Problem 26”. Let G be an even triangulation of the sphere, and let X be a set 
of triangles of G with #X even. Define (X) to be C L’f (T) where the product 
is over all triangles T of X, the sum is over all four-colorings andf( T) is the sign 
of the coloring of the triangle. Since #X is even, this is well defined. If  all 
triangles of X have the same orientation under the three-coloring, is (X) 
divisible by 4 ? When is (X) zero ? 
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